Abstract. Given a positive closed (1,1)-current T defined on the regular locus of a projective variety X with bounded mass near the singular part of X and Y an irreducible algebraic subset of X, we present uniform estimates for the locus inside Y where the Lelong numbers of T are larger than the generic Lelong number of T along Y .
Introduction
The understanding of positive closed currents have become an important task in complex analytic geometry due to the rich properties they have. In particular, positive closed currents generalize analytic sets in a natural way, but unlike varieties, they have good compactness properties and we can also use the vast set of tools arising from pluripotential theory.
A key step in the study of positive closed currents is the analysis of their singular locus, namely, the locus where the Lelong numbers are large.
In the fundamental paper [6] , Y. T. Siu proved the Zariski upper semi-continuity of Lelong numbers, i.e. if T is a positive closed current on a compact complex manifold X, then for any c > 0 the upper level set {x ∈ X | ν(T, x) ≥ c} ⊂ X is analytic, where ν(T, x) denotes the Lelong number of T at x. Using this, it is also possible to prove Siu's decomposition theorem, that is, any positive closed (p, p)-current T can be written as a (possibly infinite) sum of currents of integration on analytic sets plus a residue. Namely,
where A j are irreducible analytic subsets of codimension p in X, the constants λ j > 0 are the (generic) Lelong numbers of T along A j and R is a positive closed (p, p)-current with singular locus of small size. This gives us a quite concrete picture, in codimension p, of the structure where the Lelong numbers are big for the current T .
In order to size how big this singular locus is, various consequences can be derived from Demailly's results obtained in [2] . For instance, if X is a compact Kähler manifold and {x ∈ X | ν(T, x) > 0} is a countable subset of X (i.e. {ν(T, x) ≥ c} is finite for all c > 0) then
Note that the above inequality in the case X a Riemann surface (hence T a positive finite measure) is trivial.
In this paper we present a result concerning estimates of the locus of positive Lelong numbers for positive closed currents defined on projective varieties with respect to a fixed irreducible subvariety. More precisely, let X be a (possibly singular) projective variety and let T be a positive closed (1,1)-current on X reg with bounded mass near X sing (see Definition 2.3) and Y ⊂ X an irreducible algebraic subset of codimension l in X. We want to study the locus inside Y where the Lelong numbers of T are larger than the generic Lelong number of T along Y . For every c > 0 we denote by E c (T ) the Lelong upper level sets of T defined as the analytic subset Then we obtain the main result of this paper Theorem 1.1. With the same notation as above, there exist a positive constant C, depending only on the geometry of X and Y , such that
where ω is the Fubini-Study metric of X.
As an example, consider the case where X is the complex projective plane P 2 , Y ⊂ P 2 an irreducible curve and T a positive closed (1,1)-current on P 2 with Lelong number β = ν(T, Y ) along Y ; by Siu's decomposition theorem, it is easy to see that T − β[Y ] is also a positive closed (1,1)-current. Let's pretend that we can restrict
admits local potentials that are not identically −∞. Then we can study the locus of T inside Y directly. Unfortunately, it is not always possible to restrict currents to a given subvariety, therefore having an estimate as the one of Theorem 1.1 is useful even when Y has codimension 1. Moreover, if the codimension of Y in X is bigger than one (say X = P 3 and Y an irreducible curve in P 3 ) then it is not even possible to use Siu's decomposition theorem since the dimensions do not match. If we take X to be smooth, Y = X (so β = 0) we then reproduce one of the results obtained by J. P. Demailly in [3] ; it is important to remark that the results obtained in [3] in the smooth case are more precise, since Demailly managed to bound the singular locus of the given positive closed (1,1)-current together with its absolutely continuous part (with respect to the Lebesgue measure) giving a more precise estimate. This happens to be useful for applications in Algebraic Geometry but for our purposes, which are motivated by holomorphic dynamical systems, our inequality will be enough since this will allow us to prove equidistribution results once we know how to control the singular locus of the critical set of iterates of holomorphic maps. The details of this will appear elsewhere. For more examples and details, see Section 4.
In section 2 we present some basic facts on positve closed currents and Lelong numbers needed in the sequel. In section 3 we give a fairly detailed sketch of how to approximate positive closed (1,1)-currents by closed currents with analytic singularities and attenuated Lelong numbers; this technique represents the most important tool in our proof. In section 4 we present a few examples in order to show the usefullness of our result and at the end we give the proof of our main result.
Basic facts on positive closed currents
In this section we introduce the main results concerning positive closed currents and Lelong numbers. The basic reference for this section will be the book [4] , chapter III unless otherwise stated.
2.1. Lelong numbers. The main tool we have in order to 'measure' the size of the singular locus of a current are the Lelong numbers. Let X be a compact Kähler manifold with Kähler form ω and let T be a positive closed (p, p)-current on X. By definition, the (k, k)-form
is a finite positive measure on X.
If x ∈ X and B(x, r) is an Euclidean ball with center x and radius r > 0, then the function r → ν(T, x, r) := σ T (B(x, r)) π p r 2p is increasing in r > 0. We define the Lelong number ν(T, x) of T at x as the limit
This limit always exists and ν(T, x) does not depend on neither the chosen local chart nor ω. The quantity defined above can be seen as a generalization of the multiplicity mult x (Z) of a variety Z at x. More precisely, if Z is an irreducible analytic subvariety of X, then
where [Z] denotes the current of integration along Z.
A very important feature of Lelong numbers is the upper semicontinuity in both variables, which can be obtained from its definition. But the upper semicontinuity of ν(T, ·) is remarkably stronger since it is not only true in the standard topology but also in the Zariski topology: For every positive closed (p, p)-current T and every c > 0 we denote by E c (T ) the Lelong upper level set
A fundamental theorem proved by Siu [6] states that E c (T ) is always an analytic subset of X, hence ν(T, ·) is Zariski upper semicontinuous.
Note that by Siu's theorem, given any irreducible analytic subset V of X, the quantity
is equal to ν(T, x) for x generic, i.e. for x outside a proper analytic subset of V . We define the Lelong number of T along V as ν(T, V ).
As a consequence of Siu's theorem, it is possible to prove the following decomposition formula: If T is a positive closed (p, p)-current, then there is a unique decomposition of T as a (possibly infinite) weakly convergent series
where [A j ] is the current of integration over an irreducible analytic variety A j ⊂ X of codimension p, λ j > 0 the generic Lelong numbers of T along A j and R is a positive closed current such that for every c > 0, the level set E c (R) has dimension strictly less than dim(X) − p.
This formula (known as Siu's decomposition theorem) states that the singular locus of a positive closed current can be decomposed into a union of analytic subsets plus a residual part with small size.
Extensions and intersections of currents.
We state here some known results on positive closed currents that we will need in this paper.
A subset P ⊂ X is said to be complete pluripolar if for every x ∈ P there exist an open neighborhood U ∋ x and a plurisubharmonic function u not identically −∞ such that
In particular all analytic subsets of X are closed complete pluripolar sets.
Theorem 2.1 (El Mir). Let P ⊂ X be a closed complete pluripolar subset and let T be a positive closed current on X \ P with bounded mass on a neighborhood of every point of P . Then, the trivial extension by zero of T on X is a positive closed current.
It is well known that for any irreducible analytic subset A ⊂ X, the current of integration [A reg ] has finite mass in a neighborhood of every point of A sing , hence the current of integration [A], meaning its extension by zero through A sing , is a well defined positive closed current on X.
We finally discuss intersection of currents. Given an open set Ω ⊂ C k , a plurisubharmonic function ϕ and a positive closed current T in Ω, we would like to have a notion of intersection
More precisely, we would like to define
The equation above does not always make sense but it is well defined as long as the sizes of the singular sets involved are not too big; note in particular that it is well defined if ϕ is locally integrable with respect to the trace measure of T . We proceed to introduce a more general result concerning intersection of currents.
Let T 1 , . . . , T q be positive closed (1,1)-currents with local potentials ϕ 1 , . . . , ϕ q respectively. We denote by L(ϕ j ) the unbounded locus of ϕ j , namely, the set
has (2p−2m+1)-Hausdorff measure zero. Then the wedge product T 1 ∧· · ·∧T q ∧Θ is well defined. Moreover, the product is weakly continuous with respect to monotone decreasing sequences of plurisubharmonic functions.
We end this subsection with a useful comparison of Lelong numbers of products of currents: If T 1 is a positive closed (1,1)-current and T 2 is a positive closed (p, p)-current such that the product T 1 ∧ T 2 (which is given locally by the local potentials of T 1 ) is well defined, then
for every x ∈ X.
2.3. Currents on singular projective varieties. We will need to deal with positive closed currents defined on singular varieties. If X is a projective variety and ι : X ֒→ P N an embedding, we will say that ω is a Fubini-Study form on X if ω = ι * ω P N | X , where ω P N is the Fubini-Study form on P N . Note that ω is a positive smooth differential form on X reg . Definition 2.3. If X is a (possibly singular) projective irreducible variety and T is a positive closed (p, p)-current defined on X reg , we will say that T has bounded mass around X sing if there exist an open neighborhood U of X sing such that
In a complex manifold, for any given two hermitian forms ω and ω ′ there is always a positive constant A such that A −1 ω ≤ ω ′ ≤ Aω, in particular it is easy to see that above definition does not depend of the embedding of X.
Approximation of (1,1)-currents
In this section we will discuss the approximation of (1,1)-currents by currents with analytic singularities. The entire section is based on the work of J. P. Demailly (particularly [3] , [2] ). However, we add some details of the proof of Theorems 3.2 and 3.4 since these techniques are crucial for this work and the author believes that they are not very well known.
The main ingredients of the approximation are the mean value inequality and the Ohsawa-Takegoshi L 2 -extension theorem
. Let X be a projective manifold. Then there is a positive line bundle A → X over X with smooth hermitian metric h A and a constant C > 0 such that for every line bundle L → X provided with a singular hermitian metric h L and for every x ∈ X such that h L (x) = 0, there exist a section σ of L + A such that
For a proof of Theorem 3.1 see for example [7] .
3.1. Approximation by divisors. Let X be a projective manifold and let T be a positive closed current representing the first Chern class c 1 (L) of a hermitian line bundle L → X. More precisely, we can endow L → X with a singular hermitian metric h L and curvature form Θ(h L ) where 2π ∂∂ϕ A endows X with a Kähler metric. We can fix a smooth hermitian metric h on L, hence we can write h L = he
2π ∂∂ϕ. We endow mL + A with the (singular) metric h ⊗m L ⊗ h A and we define the (finite dimensional) Hilbert space H m ⊂ H 0 (X; O X (mL + A)) as
We present the following theorem which can be found in [3] (see also [1] ). 
Then there exist positive constants C 1 and C 2 independent of m such that, for every x ∈ X we have:
where C(x, r) tends to 0 as r → 0.
Proof of Theorem 3.2. First we cover X by finitely many small open balls {B} giving local trivializations for both line bundles A and L. On L, A| B ≃ B × C ⊂ C k × C we pick smooth metrics ψ, ψ A for L and A respectively, i.e. for all
hence if σ ∈ H m is a section supported on B we have that
Since σ : B → C is holomorphic, by the mean value inequality for all x ∈ B and r < dist(x, ∂B) we have
Denote by c(x, r) := sup B(x,r) ψ − ψ(x), c A (x, r) := sup B(x,r) ψ A − ψ A (x) and note that
We can write ϕ m as
therefore taking log of (3.1.2) and the supremum over σ m = 1 we obtain
where C ′ > 0 and C(x, r) → 0 as r → 0.
For the other inequality we use Ohsawa-Takegoshi's L 2 Extension Theorem: Let
we can find a section σ ∈ H m such that
for some C > 0. Using (again) that
we take log of the inequality and the supremum over σ m = 1 obtaining
This concludes the proof.
As a consequence of the theorem above, we have obtained the following corollary 
for some C > 0. In particular, the Lelong numbers ν(T m , x) converge uniformly to ν(T, x).
Proof. Let L → X be a positive hermitian line bundle with singular hermitian metric h L such that T ∈ {Θ(h L )}. We can take a smooth metric h on L such that h L can be written as h L = he −2ϕ and therefore we can define
with ϕ m as in the theorem above. Now it is routine to check that the sequence T m converges to T = Θ(h) + √ −1 2π ∂∂ϕ and that it has the desired properties. 3.2. Attenuation of Lelong numbers. We finish this section with a refined version of the theorem of the subsection above which will allow us to approximate positive closed currents by currents with analytic singularities and attenuated Lelong numbers. We state the main theorem of this section proved in [3] . Theorem 3.4. Let X be a projective manifold and let T be a positive closed (1,1)-current representing the class c 1 (L) of some hermitian line bundle L → X. Fix a sufficiently positive line bundle G over X such that T X ⊗ G is nef. Then for every c > 0 there exist a sequence of closed (1,1)-currents T c,m converging weakly to T over X such that
• T c,m ≥ − 2 m ω − cu, where u is the curvature form of G and;
The proof of the above theorem in a more general case, namely X is a compact Kähler manifold and T is any almost positive closed (1,1)-current can be found in [2] ; the proof involves a very technical gluing procedure which is beyond the scope of what we want to present here. For the case X projective and T the curvature current of a positive line bundle, the proof is simpler and can be obtained in a more direct way; we present the proof given in [3] with some details added.
Proof. As in Theorem 3.2 it is possible to construct sections σ m,j ∈ H 0 (X; mL+A),
We consider the l-jet sections J l σ m,j with values in the vector bundle J l O X (mL+ A). We have the exact sequence
Dualizing the above sequence we obtain the short exact sequence
which can be rewritten as
Twisting this exact sequence with O X (mL + 2A + lG) we obtain that
is exact. By hypothesis, the vector bundle T X ⊗ G is nef and therefore
is nef for all symmetric powers of order l, hence
ample is ample. Since hte extremes of the exact sequence (3.2.1) are ample, we use induction on l ≥ 1 to conclude that the middle term
is also ample.
By definition of amplitude of vector bundles there exist q ≥ 1 such that
is generated by holomorphic sections g m,i . Using this together with the pairing of (J l O X (mL + A)) * and J l O X (mL + A) we obtain sections
which in a trivialization give us the metric
Note that ψ A and ψ G are smooth; therefore we have
This gives us the inequality 
Some examples
In this section we provide a few examples showing the value of our result.
Example 4.1. Let's start with the trivial case where X = Y is a projective curve. In this case, the current T is a positive finite measure on X, giving us
So Theorem 1.1 follows immediately. In [2] Theorem 7.1, J.P. Demailly proved that under the same assumptions as above, we have that there is a positive constant
where β 1 ≤ . . . ≤ β k+1 are the jumping numbers of T . Observing that
In the same setting, it is also interesting to observe the two extreme cases p = 1 and p = k:
a) The case p = 1 follows immediately from Siu's decomposition theorem, since
and the result follows after integrating this inequality with · ∧ ω k−1 .
b) The case p = k is especially interesting when E c (T ) is countable for all c > 0. A remarkable result proved in Corollary 6.4 of [2] is that if E c (T ) countable then the class {T } is nef. Moreover, Demailly gave the more refined inequality
where T ac is the absolutely continuous part in the Lebesgue decomposition of the coefficients of T . 
Therefore Theorem 1.1 is nothing but Bézout's theorem for these two curves. It is important to remark that it is not always possible to restrict positive close currents. Part of the idea in the proof of Theorem 1.1 is to restrict an approximation of the current.
Remark 4.5. If Y ⊂ X has codimension l > 1 in X, then it is not even possible to subtract [Y ] from T since the dimensions do not match. Therefore there is no direct method for studying the Lelong numbers of T inside Y , so our theorem proves to be useful in the general case.
Proof of the main theorem
We will divide the proof of Theorem 1.1 into three steps. In the first step we will assume that our projective variety X is smooth and that the cohomology class of T is nef. We can then find suitable smooth representatives of {T } which, together with the sequence obtained in Theorem 3.4, will allow us to approximate T by a sequence of currents T c,m of bounded potentials and therefore we will be able to intersect such sequence with the current of integration [Y ] ; this procedure will be the key for obtaining our result in this setting. In the second step, we still assume X smooth but {T } not necessarily nef; using that H 1,1 (X; R) is finite dimensional and the upper semicontinuity of Lelong numbers, we will replace T by a currentT with nef class {T } but the same Lelong numbers as T everywhere; then we apply our result in Step 1 toT implying the same conclusion to T . Finally, in Step 3 we prove the general case when X is a projective variety, not necessarily smooth, by taking a resolution of singularities of X, and applying Step 2 to the strict transform of T , Y and Z p,r .
We recall the notions of numerically effective (nef ), pseudoeffective (psef ) and Kähler cones (for details see [5] , also [1] ). The space of classes of real (1,1)-forms H 1,1 (X; R) is defined as
where H It follows from the definitions above that ∅ = K(X) ⊂ N (X) ⊂ P(X) and K(X) = Int(N (X)).
We prove now our Main Theorem:
Step 1: Assume X to be a (smooth) complex projective manifold and the class {T } to be nef. For this case, we will actually prove a slightly more general result, where we will be able to 'kill Lelong numbers' locally. More precisely, given any subset Ξ of Y and p = 1, . . . , dim(X) − l + 1, we denote the jumping numbers
In our situation, the subset Ξ will be a Zariski dense subset of Y with a prescribed geometrical condition, namely, Ξ will be the complement of all irreducible components of E Note also that the total mass of the family {Θ 1,c,m } is uniformly bounded. We extract (modulo a subsequence) a limit
which satisfies {Θ 1 } = {Y } · ({T } + b 1 {u}) and by the upper semicontinuity of Lelong numbers we obtain
By Siu's decomposition theorem, Θ 1 can be written as
where for every j ≥ 1, V j is an irreducible variety of codimension l + 1 in X, λ j is the generic Lelong number of Θ 1 along V j and R 1 is a positive closed current with upper level sets E c (R 1 ) of codimension strictly bigger than l + 1 for all c > 0. This in particular implies that for all r ≥ 1 we have that Z 1,r = V jr for some j r and for a generically chosen x ∈ Z 1,r we obtain
Now we proceed by induction on 2 ≤ p ≤ dim(X) − l + 1. We assume we have constructed Θ p−1 with the desired properties and in the exact same way as before, for c > b p we define the positive closed (l + p, l + p)-current
which is well defined everywhere. The current which (by the same arguments as above) satisfies the desired properties.
Step 2: Now assume that X is a complex projective manifold and let ω be any Kähler form on X. However, the class {T } is not necessarily nef. Let (5.0.4) P 1 := {α ∈ P(X) | α = 1} ⊂ H 1,1 (X; R) be a slice of the pseudoeffective cone of X, where · is any norm on the finite dimensional real vector space H 1,1 (X; R). Since P 1 is compact and Int(N (X)) = K(X) = ∅ we can pick A 0 = A 0 ({ω}) > 0 such that A{ω} + α is nef for every A ≥ A 0 and every α ∈ P 1 . Note also that the set of of positive closed currents T with a fixed cohomology class is also (weakly) compact. Moreover, by the upper semicontinuity in both variables of the Lelong numbers is easy to see that there exists a constant τ = τ (X) such that ν(T, x) ≤ τ for every x ∈ X and every positive closed (1,1)-current T so that {T } ∈ P 1 . Now, fixing A ≥ A 0 we define the positive closed (1,1)-currentT := T + Aω. It satisfies:
• {T } ∈ N (X),
• ν(T , x) = ν(T, x) for every x ∈ X (in particular, the Lelong upper level sets E This completes the proof of the Main Theorem.
